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The flow and mass transfer in a discontinuous reactor configuration consisting of a pair of corotating enclosed disks
with a chemical reaction taking place at the disk surfaces have been analyzed. The calculated mass-transfer efficiencies
do not follow the expected Sh5ShðRe; ScÞ dependence because the overall mass-transfer process is not boundary-layer
controlled, especially at high Schmidt numbers. It has been found in all of the cases investigated that despite the fact
that the reactant concentration is continuously dropping with time its spatial distribution, relative to the volume-
averaged value, becomes stationary after a short initial transient. This result implies that the mass-transfer efficiency in
the discontinuous reactor also becomes stationary and the resulting time-independent value, Sh1, obtained either
directly from calculation or from the fit of the collected results, provides a fairly good estimate of the reactor operation
time needed to achieve the target reactant conversion. VC 2014 American Institute of Chemical Engineers AIChE J, 61:

1015–1031, 2015
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Introduction

The determination of conditions that most reduce mass-
transfer resistance is a fundamental issue for the enhance-
ment of productivity in chemical reactors. One way to pro-
mote mixing is by means of a forced convection flow that
facilitates transport of the reactant (product) toward (from)
the catalytic surface.1–4 For example, Al-Shannag et al.3 pro-
posed and analyzed a heterogeneous catalytic reactor in a
cavity of square cross-section where mixing was promoted
by the sliding top lid. Al-Shannag4 showed that a similar
setup in a toroidally shaped cavity of square cross-section
yielded higher mixing efficiencies. In a recent work,5 we
proposed and analyzed a catalytic reactor of cubical shape
where flow was driven by natural convection. This kind of
reactor, which avoids the use of mechanical devices to pro-
mote mixing, is specially suitable for enzymatic reactions
where high levels of shear stress are undesirable. The overall
mass-transfer process between the reactor bulk and the wall
surface with the implanted catalyst was found to be con-
trolled by the rate of mass transfer within the concentration
boundary layer. Although the reactor investigated in Ref. 5
is quite efficient in terms of mass-transfer rates, it is suitable
only for small volumes, slow reactions, and aqueous solu-
tions. The present investigation aims to widen our scope to
deal with bigger reaction volumes and either a liquid or a
gas phase.

A good deal of technological applications involve heat or
mass transfer between the surface of a rotating disk and the
surrounding fluid. As an example, Drumm et al.6,7 studied
numerically and experimentally liquid-liquid extraction in a
column where several rotating disks acted as stirrers. As a
filtration process application, Francis et al.8 analyzed a
controlled-shear affinity filtration process where a rotor is
positioned above a membrane to allow protein capture and
purification from cell culture. The application of rotating
disk systems to chemical reactors is extensive, a few repre-
sentative examples will be cited in what follows. Zhang
et al.9 studied the effect of the disk rotation speed on the
growth of ZnO films, used in light emitting diodes and laser
diodes, by metal–organic chemical vapor deposition.
Meeuwse et al.10,11 investigated the gas-liquid and liquid-
solid mass transfer in a rotor–stator spinning disk equipment.
Visscher et al.12 measured the liquid-liquid mass transfer in
the same rotor–stator device. In the three latter cases, the
aim of the authors was to attain mass-transfer efficiency lev-
els comparable to those typically achieved in more tradi-
tional reactors. Leon et al.13 described an horizontal rotating
foam reactor where the foam structures are used as stirrers
that mix the components and disperse fine bubbles. Belfiore
et al.14 and Belfiore15 investigated the application of rotating
disks to biological reactors. These authors studied the
response of dynamic shear in a continuous flow corotating
disk catalytic reactor. Belfiore et al.14 found that the dynamic
shear has an important effect only above a critical stress-
sensitive Damk€ohler number. Belfiore15 found that chemical
reaction was enhanced by viscous shear at the interface
between the bulk fluid and the rotating plate.
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The reactor setup that is analyzed numerically in this
study is sketched in Figure 1. It consists of a pair of corotat-
ing disks enclosed by a cylindrical container at rest. The
inner surfaces of both disks are coated with a layer of cata-
lyst where a first-order chemical reaction takes place. It is
worth pointing out that a catalytic reactor in a similar geom-
etry, a single rotating enclosed disk, was investigated experi-
mentally by Meeuwse et al.11 The system of Figure 1 can be
understood as a simplified model of a more complex setup
with a stack of several corotating disks once the interactions
between contiguous interdisk spaces are dismissed.

The flow between two corotating disks attracted consider-
able research interest16–24 as a simple model that captured
most of the basic features of the flow of air inside computer
hard disks devices. It is well-known that the rotation of the
disks produces a secondary flow in the cross-stream plane
with fluid moving outward along the boundary layer region
close to each disk surface. At low Reynolds numbers, the
flow is steady and axisymmetric (2-D), that is, independent
of the angular coordinate h, and the cross-stream vortices
resemble those found in the Taylor–Couette flow.25

In the current problem, we will focus on the analysis of a
reactor operating in discontinuous (batch) mode. Batch reac-
tors are widely used in the food and pharmaceutical industries
and, in general, in those processes where a particular reactor
unit is used to manufacture relatively small amounts of differ-
ent products (or a product having various flavors: pigments,
additives, etc.). They are also of common use at the laboratory
level when, for example, the kinetics of a given chemical
reaction or the performance of a new catalyst have to be
investigated. The range of the problem parameters currently
investigated might be realized, in a practical application, in a
reactor having a volume of about 1 L with the disks, about
0.05–0.10 m in diameter, spinning in the range of X� 200 p
rad/s for gas-phase operation and X� 20 p rad/s for a liquid
phase. It is important to note that in the liquid-phase case, the
numerical analysis of the mass-transfer problem is especially
challenging because of the high values of the Schmidt number
involved. This is the reason why a highly accurate Galerkin
spectral discretization of the conservation partial differential
equations has been used. The main goal of this study is to
solve the governing equations numerically and then to analyze
the results to establish the dependence of the mass-transfer

efficiency on the problem parameters (Reynolds, Schmidt, and
Damk€ohler numbers and height to radius aspect ratio). Special
attention will be given to the prediction of the operation time
required to achieve a target conversion, a quantity of utmost
importance in batch operation.

Problem Formulation

Fluid mechanics model

The Newtonian laminar flow in a catalytic chemical reac-
tor was investigated. The reactor, which is sketched in Fig-
ure 1, consists of two coaxial disks attached to and
corotating with a hub enclosed in a cylindrical cavity at rest.
The velocity and concentration fields are assumed to be axi-
symmetric, that is, velocity and concentration depend only
on the radial (R) and axial (Z) cylindrical coordinates. Under
the aforementioned assumptions, the mass and momentum
dimensionless conservation equations for the velocity (U, V,
W) and pressure P may be written, in a frame of reference
rotating at the angular velocity X, as
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Note that in the rotating frame of reference, the circumferen-
tial component of velocity, V, vanishes at the hub and disk
surfaces, thus boundary conditions for Eqs. 1–4 are

U5V5W50 at Z561=2 or R5c (5)

U5W50;V521 at R51 (6)

The rightmost term R in Eq. 2 denotes the centrifugal force
while the terms 2V and 22U within the rightmost parenthesis
in Eqs. 2 and 3 are the respective components of the Coriolis
force. Length and velocity scales used to obtain the dimen-
sionless variables, R, Z, U, V, and W, in Eqs. 1–6 are R2, H,
and XR2, respectively. The dimensionless time (s) has been
defined on the basis of the diffusive time tC5R2

2=D with D

Figure 1. Sketch of the corotating disk reactor geometry.

Since axisymmetry is assumed only the reactor projection

into the radial-axial (R,Z) plane is shown.
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being the binary coefficient of molecular diffusion for the
reactant/solvent pair. The mass and momentum conservation
problem 1–6 is, therefore, determined by the values of three
dimensionless parameters, namely the Reynolds number, Re,
the height to outer radius ratio, S, and the radius ratio, c.
These parameters are defined as Re5XR2

2=m (m denotes the
kinematic viscosity of the fluid), S5H=R2 and c5R1=R2.
Note that the latter quantity only appears explicitly in the
boundary condition 5 at the rotating hub surface.

Instead of solving the mass and momentum conservation
equations in terms of velocity and pressure, we used the axi-
symmetric velocity potential, W, also known as
streamfunction
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It is clear that when Eqs. 7 and 8 are used, the continuity
equation 1 is automatically fulfilled. Boundary conditions 5
and 6 may be, therefore, written as
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Note that since W must be continuous along the boundary,
Eqs. 9 and 10 can be replaced by
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Mass-transfer model

The dimensionless conservation equation for the molar
concentration, Cðs;R;ZÞ, of the reactant species can be writ-
ten as
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where Sc5m=D is the Schmidt number. The catalytic reaction
is assumed to take place on the surfaces of the corotating
disks, whereas both the surface of the rotating hub and the
outer cylindrical enclosure wall are assumed to be imperme-
able. Thus, boundary conditions for Eq. 14 are
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where / is the Damk€ohler number defined as /5kH=D,
being k the constant of the first-order law for the rate of
chemical reaction per unit area.

Problem scaling

The Damk€ohler number, /5kH=D, is usually interpreted
as the ratio of the rate of chemical reaction at the catalyst

surface to the rate of mass transfer by molecular diffusion.
As can be easily deduced from Eq. 14, the quantity ReSc,
known as the P�eclet number, Pe, gives a ratio between char-
acteristic times for molecular diffusion and convection of the
reactant species. Thus, one would expect that the rate of con-
vection provided by the corotating disks system will be fast
enough to achieve a good mixing, whenever Pe� /. At a
quantitative level, the mixing capability of the system is
often measured in terms of the mass-transfer efficiency, g.
This quantity is defined as the ratio of the average rate of
reaction at the catalytic surface to the maximum value of the
average rate of reaction, that is, the one value that would be
only attained in the ideal perfect mixing limit

gðsÞ5 kĈðs;61=2Þ
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Mass-transfer efficiency can also be characterized in terms
of the Sherwood number, ShðsÞ5K̂ðsÞR2=D, where K̂ðsÞ
denotes the surface averaged convective mass-transfer coeffi-
cient defined by

kĈðs;61=2Þ5K̂ðsÞ �CðsÞ2Ĉðs;61=2Þ
� 	

(18)

Let S denotes the height to outer radius ratio, S5H=R2.
The Sherwood number and the reactor efficiency, gðsÞ, are
therefore related by
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It is also common to consider the dimensionless overall
mass-transfer coefficient, ShOVðsÞ
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Note that Eq. 21 assumes an overall resistance to mass
transfer ð1=ShOVÞ that is composed of two different contribu-
tions. The term ð1=ShÞ characterizes resistance to mass trans-
fer by combined diffusion plus convection, whereas the term
ðS=/Þ represents the resistance associated with the chemical
reaction at the catalyst surface. If the surface reaction is a
slow one, small /, we should expect S=/� 1=ShðsÞ in Eq.
21, and therefore, values of gðsÞ close to one would be
attained on account of Eq. 20. In the opposite situation, a fast
reaction yielding a large / value, we have S=/� 1=ShðsÞ),
that is, convection plus molecular diffusion control the overall
mass-transfer process thus yielding low values of gðsÞ.

The question is how to quantify the above qualitative
trends, that is, how close to one (zero) will be gðsÞ when /
takes a small (large) value. Therefore, much attention will
be devoted to the relation between the reactor mass-transfer
efficiency and the parameters of the problem, S, Re, Sc, and
/. In particular, if the overall process of reactant transfer
into the catalytic surface is to be controlled by molecular
diffusion within a boundary layer region then one would
expect the Sherwood number to depend on a product of
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powers of S, Re, and Sc. This was indeed the case in the nat-
ural convection-driven catalytic reactor that we analyzed in
Ref. 5 but, as will be seen below, things are not that simple
in the current problem.

Numerical Method

Velocity field

In this work, it is assumed that the concentration levels of
the solute, C, are much lower that the concentration of the
mixture. Consequently, it is assumed that fluid properties,
and more specifically the kinematic viscosity, m, are constant.
The fluid mechanics problem 1–6 is, therefore, independent
of the mass-transfer problem 14–16. Note that since the
characteristic time for the fluid mechanics problem 1–6 is tU
5R2

2=m then tU=tC5D=m51=Sc. Thus, a large Sc value
implies a low value of the tU=tC ratio. The implication at the
numerical level is that to solve Eqs. 1–6 and 14–16 together
the number of time steps would be about Sc times larger
than it is when only Eqs. 14–16 are advanced in time. This
would make the numerical solution of the fully coupled
problem exceedingly expensive, whenever Sc� 1. In prac-
tice, the assumption of constant m would hold, for example,
for systems like the one used in Ref. 11, where oxygen was
dissolved in a liquid solution. More generally, the current
uncoupled model would be appropriate whenever variations
on the concentration levels of reactants and products do not
significantly alter the density or the viscosity of the mixture.

In addition, only steady-state solutions are considered, and
therefore, the time derivative in the left-hand side of 2–4
vanishes. The steady flow assumption is reasonable in the
range of low to moderate Reynolds numbers investigated,
103 � Re � 105, even though the real flow would probably
be three-dimensional (3-D) in the uppermost part of this Re
range. The introduction of the streamfunction W defined by
7 and 8 in the steady-state version of 1–4 reduces the num-
ber of dependent variables from four ðU;V;W;PÞ to three
ðW;V;PÞ. The resulting system of partial differential equa-
tions was discretized by means of a spectral tau–Galerkin
method also known as Galerkin method with boundary bor-
dering.26 The streamfunction W and the velocity V were
expanded in terms of Chebyshev polynomials
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In expansions 22 and 23 Z�52Z, R�52½ðR2cÞ=
ð12cÞ21=2�, Ti denotes the Chebyshev polynomials of order
i and fi are suitable linear combinations of Chebyshev polyno-
mials that satisfy fið61Þ5f

0
i ð61Þ50. This choice of the basis

functions results in the automatic fulfillment of boundary con-
ditions 11–13 for W. As a consequence, no expansion is
needed for the pressure, P, because the pressure gradient
terms in 2 and 4 vanish when these equations, as an essential
part of the Galerkin method, are projected into the subspace
of the basis functions used in the W expansion 22. Thus, the
Galerkin projection yields a system of nonlinear algebraic
equations whose unknowns are the wij and vij coefficients in
the expansions 22 and 23. This system of equations was
solved by means of the Newton iterative method.

A special treatment is needed to deal with the discontinuity
in the boundary conditions for V at the external enclosure cor-
ners. That is, boundary conditions for V in 11 and 13 do not
match as 05Vð1;61=2Þ521 is obviously impossible. Hence,
the boundary condition VðR;61=2Þ50 was replaced in (11)
by the following exponential function along the disk surfaces

VðR;61=2Þ52ð11fÞ exp
2lnðVresÞ

f
ðR212fÞ

� �
(24)

Equation 24 was inspired by the treatment of a similar
velocity discontinuity at a boundary in a previous work by
Lopez and Shen,27 which was later applied28 to the calcula-
tion of the flow inside an annular container with a rotating
bottom lid and inner cylinder. The idea behind the particular
form of Eq. 24 is that at a small dimensionless radial distance
f from the outer enclosure wall the velocity V should already
have attained a residual value. In particular, at the disk tip,
R 5 1, Eq. 24 yields V52ð11fÞVres. In all of the calculations
discussed below, we used Vres51023 and f50:05. The influ-
ence of the f value on the numerical results will be assessed
in the next section. To implement the modified boundary con-
dition (24), the radial span R 2 c; 1½ � was extended to
R 2 c; 11f½ � in Eqs. 1–6 as well as in the molar conservation
model 14–16 and in the definition of R�.

The use of the V boundary condition 24 is justified on physi-
cal grounds by the fact that f 5 0 is unattainable in a experi-
mental equipment. From a theoretical point of view, it is known
that in the limit case with f! 0, a very large number of func-
tions (NR;V !1) would be needed in expansion 23 to properly
characterize the problem. When the current Vres51023 and f5

0:05 values were used in Eq. 24, it was numerically found that
the required increase in the maximum polynomial degree
reduced to NR;V5NR;W120. When values of NR;V < NR;W120
were used, the resulting V velocity fields turned out to be some-
what wiggly in the vicinity of the disk surfaces, Z561=2. Fur-
thermore, in all of the cases investigated, we set identical values
of the truncation parameters for the axial direction in expansions
22 and 23, that is, NZ;W5NZ;V .

Concentration field

Once the velocity field was obtained the solute conserva-
tion equation 14 was also solved by means of a spectral tau–
Galerkin method.26 Thus, using the concentration expansion

Cðs;R; ZÞ5
XNR

i50

XNZ

j50

cijðsÞTiðR�ÞTjðZ�Þ (25)

the application of the tau–Galerkin method reduces Eqs. 14–
16 into a system of ordinary differential equations (ODEs)
that can be written as

B̂ _c5L̂c1Â (26)

The vector c and the matrices B̂; L̂, and Â in 26 are
defined in Appendix where the spatial discretization of the
problem is detailed. The initial condition (s 5 0) for the
ODE system 26 is that the reactant species is perfectly well-
mixed through all of the volume with an arbitrary concentra-
tion level equal to one. It should be, however, noted that,
whereas boundary conditions 16 allow for a uniform radial
distribution of C, a flat axial distribution, Cð0;R;ZÞ51,
would be incompatible with 15 (or, in other words, it is
impossible to accurately project a step-like function into a
polynomial basis). To overcome this technical difficulty, we
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can imagine that in real operation, there would be a short
time interval between the instant when the solution is poured
into the reactor and the moment when the disks begin to
rotate. During such an interval, when we have Re 5 0, a very
small amount of reactant will be already consumed. Follow-
ing the same approach as in Ref. 5, a 1-D solution, Ĉðs;ZÞ,
of 14–16 in the limiting no-convection case (Re 5 0) at a
very short integration time (s050:001) is extended radially
to obtain the 2-D field Cð0;R;ZÞ.

In each particular run, the system 26 was advanced in
time until the target reactant conversion, vðs5s90Þ50:90,
was reached. Note that the volume-averaged reactant concen-
tration will always decrease with time, and therefore, the
reactant conversion vðsÞ will be continuously growing. As it
is shown below, one of the goals of this study is the predic-
tion of the final operation time s90. The system 26 was
advanced in time by means of a BDF2 scheme,29 which is a
second-order implicit method

B̂
3cn1124cn1cn21

2Ds

� �
5L̂cn111Â (27)

At each time step, the linear system 27 was solved for the
values of the expansion coefficients at the new time step,
cn11, using the LAPACK numerical package.30,31 The BDF2
scheme has the property of being unconditionally stable, that
is, the error in the integration of 27 remains bounded for any
Ds > 0. Notwithstanding, the time step had to be kept small
enough to guarantee that the relative errors in both s90 and
in the corresponding efficiency value, gðs90Þ, were not larger
than 1023. A value of Ds51025 was found to meet the
above criterion in all of the cases investigated.

Accuracy Assessment

Since the flow between a pair of corotating disks has been
thoroughly investigated in the last decades the accuracy of

the current numerical results can be checked by comparing
them with some well-established numerical results. In partic-
ular, we compared our results with those obtained by Ref.
21 for Re 5 13,710, S 5 0.091, and c50:537. Figures 2a, b,
respectively, show the current calculated contours of W and
V that were obtained with NR;W5NZ;W521. These results are
in agreement with the corresponding contours reported in
Figure 2 of Ref. 21, where a second-order finite difference
method with grid sizes as large as 200 and 100 in the radial
and axial directions, respectively, was used instead. Since
f 5 0 was assumed in Ref. 21, the modified radial coordinate
R2f was used in Figure 2 to facilitate comparisons. Note
that in this study, the dimensionless radial distance from the
outer enclosure wall is not 12R but 11f2R.

Thus, the use of the approximated velocity profile 24 at
the disk surfaces with the current f50:05 does not signifi-
cantly alter the calculated velocity fields with respect to the
basic f 5 0 case. To further assess, the effect of the f value
on the present results, Figure 3a compares the evolution
in time of the reactor efficiency, gðsÞ, for the two values

Figure 2. Velocity field obtained for Re 5 13710,
S 5 0.197, and g50:537.

(a) Flow streamlines with W levels ranging between

20.0480 and 0.0480 with an increment of 0.00962.

Note that since the W-scaling used in Ref. 21 was XHR2
2

ð12g2Þ=2 instead of the current XHR2
2, the calculated

streamfunction values were multiplied by a factor of

2.81 to facilitate comparison. (b) Contours of V levels

ranging between 20.300 and 20.040 with an increment

of 0.026. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 3. Assessment of the effect of the dimension-
less radial gap, f for the case with S 5 0.25,
Re573104, Sc 5 100, and /52000.

The evolution in time of the reactor efficiency, g, is com-

pared in (a) for two calculations with f50:01 and 0.05,

respectively. The corresponding concentration contours

at the target time s5s90 are, respectively, plotted in

(b) and (c). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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f50:01 and f50:05 when the rest of parameters are fixed to
S 5 0.25, Re573104, Sc 5 100, and /52000. The difference
between the two gðsÞ curves is small during the whole inte-
gration time. Moreover, Figures 3b, c, respectively, show the
corresponding concentration fields obtained at an integration
time s5s9052:231023. The concentration contour lines in
both plots are very similar, with only a slight difference in
the radial region nearest to the outer enclosure wall, R � 1.

Although values of the truncation parameters as small as
NR;W5NZ;W521 provided enough accuracy in the test results
of Figure 2, a minimum of NR;W541 and NZ;W541 were
used in the present calculations even for the smaller Reyn-
olds numbers considered, Re5103. For the particular
S 5 0.25 value, at which calculations were extended up to a
higher Reynolds number of Re5105, the number of basis
functions in expansions 22 and 23 had to be increased with
increasing Re up to NR;W5NZ;W591. Calculations with Re
� 23104 and S � 0:5 also required an increase in the trun-
cation parameter NZ;W up to a maximum value of NZ;W5101
for S 5 1 and Re523104. The accuracy of velocity calcula-
tions was evaluated following the same procedure that is
explained below for the concentration field except that the
control quantity used was the radially averaged radial com-
ponent of velocity, Û , instead of Ĉ.

The selection of appropriate values of the truncation param-
eters to solve the mass-transfer problem 14–16, NR and NZ in
expansion 25, was much more involved because of the effect
of the Schmidt number on numerical accuracy. Even though
the solutions of Eqs. 27 yield a spectral representation of the
concentration field, that is, the values of the cij coefficients in
expansion 25, it seems more natural to assess numerical accu-
racy at the physical level. This was achieved by computing
the axial profiles of the radially averaged concentration,
Ĉðs; ZÞ, on a uniformly spaced grid with 501 points along the
Z direction. A preliminary set of calculations (which will be
denoted hereinafter by the k 5 0 index) was performed using
the same values of the truncation parameters in expansion 25
that were previously used in the corresponding velocity calcu-
lation, namely NR5NR;W and NZ5NZ;W. Both NR and NZ were
then equally increased by a fixed value DN to obtain a second
set (k 5 1) of results, which were compared to the previous
ones with lower resolution (k 5 0). In those cases where the
convergence criterion was not fulfilled subsequent refinements
(k 5 2, 3,. . .) were applied. Let Ek, defined as

Ek5 max
j51;...;501

Ekj5 max
j51;...;501

Ĉkðs90; zjÞ2Ĉk21ðs90; zjÞ
Ĉkðs90; zjÞ

�����
�����

( )
;

(28)

denote the relative difference between two axial profiles cal-
culated at refinement levels k 2 1 and k. The convergence
criterion in all cases was set to Ek=DN � 1024, that is, in
terms of the slope of the E vs. N curve. Table 1 illustrates

the convergence process for a calculation with S 5 0.25,
Re5104, Sc 5 10, and /520. In this particular case, a refine-
ment level up to k 5 5 was necessary as a rather small DN5

6 was prescribed. Note that the accuracy of the Ĉðs90;ZÞ
profiles also depends on the accuracy of the predicted s90

values in each calculation. The (NR, NZ) values of the con-
verged solution increased with increasing Re and Sc. As
expected, the problem parameter that mostly affected the
accuracy of results was the Schmidt number. For Sc 5 1,
only a few cases required a refinement level k> 1. Values of
the truncation parameter N5max ðNR;NZÞ up to N 5 211 had
to be used in the calculations with Sc 5 100 as illustrated in
Table 2 for the case with S 5 0.25, Re583104, Sc 5 100,
and /52000. Note that in this case, numerical convergence
is achieved for a k 5 4 refinement level but a much higher
DN530 was used to cope with the effects of the higher
Schmidt number. Not surprisingly, the most demanding cal-
culations were those for Sc 5 1000 where values as large as
N 5 265 had to be used in some cases.

Results and Discussion

In this work, four different values of the Schmidt number,
namely Sc 5 1,10,100 and 1000, and several values of the
Damk€ohler number within the range 1 � / � 8000 were
considered. Note that values of Sc � 1 would typically be
found in a gas-phase reactor at atmospheric pressure while
the largest Sc 5 1000 value is typical of a liquid-phase reac-
tor. For each particular (Sc, /) pair, calculations were per-
formed at several values of Re and S, as is explained in what
follows. A unique value of the radius ratio, c50:5, was used
in all of the present calculations.

Velocity field

Velocity fields were calculated at four different values of
the height to radius aspect ratio, namely S 5 0.125, 0.25,
0.50, and 1, and four different values of the Reynolds num-
ber, namely Re3102351, 5, 10 and 20. In addition, for the
particular S 5 0.25 value, calculations were extended up to a
Reynolds number of Re5105. Figure 4 shows the flow
streamlines (isolines of the streamfunction W) calculated at
Re523104 and two different aspect ratios, S 5 0.125 and
0.25. Note that the velocity fields plotted in these two figures
are symmetric with respect to the horizontal midplane
(Z 5 0). Although this feature may seem quite natural, the
existence of solution branches with symmetry-breaking has
also been reported.19,21,23 The present numerical method
allows the calculation of such symmetry-breaking solutions,
as both even and odd functions along the Z direction were
used in expansions 22 and 23. Notwithstanding, only sym-
metric solutions were detected in all of the cases investi-
gated. As a consequence, only Chebyshev polynomials of
even degree were considered along the Z direction in the

Table 1. Maximum and Average Errors, Respectively,

Denoted as Ek and �Ekj for the Case with S 5 0.25, Re5104,

Sc 5 10, /520, and DN56

Nk2Nk21 Ek Ekj

47 2 41 1:3231023 5:1431024

53 2 47 8:5531024 1:4831024

59 2 53 4:2131024 1:2831024

65 2 59 3:4331024 8:3031025

71 2 65 8:4731025 2:4831025

Table 2. Maximum and Average Errors, Respectively,

Denoted as Ek and �Ekj for the Case with S 5 0.25,

Re583104, Sc 5 100, /52000, and DN530

Nk2Nk21 Ek
�Ekj

121 2 91 9:35 3 1024 3:73 3 1024

151 2 121 3:11 3 1024 1:96 3 1025

181 2 151 1:02 3 1024 9:69 3 1026

211 2 181 5:11 3 1025 6:73 3 1026
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concentration expansion 25. Therefore, Ĉ and g in 17 can be
indistinctly calculated either at Z521=2 or Z 5 1/2.

Figure 4 shows the cross-stream motion that is typical of
the flow between a pair of corotating disks. In the vicinity of
both disk surfaces, fluid is moving outward along the bound-
ary layer region known as Ekman layer. It should be kept in
mind that, as illustrated in Figure 2b, the main motion occurs
in the circumferential direction, that is, it would be normal
to the paper in Figure 4. The secondary motion is basically
driven by the imbalance between the inward directed radial
pressure force and the outward directed centrifugal force
along the disk Ekman layers (see, e.g., the theoretical analy-
sis in Ref. 17 and the references therein). Moreover, as
shown in Figure 2b, the radial region around R 5 1 is charac-
terized by very high shear levels as the circumferential
velocity, V, must drop to its minimum V 5 21 value at the
outer enclosure wall.

As can be seen in Figures 2 and 4, when the aspect ratio
S is small the cross-stream vortices do not reach the vicinity
of the rotating hub as there is an inner core region where
fluid is nearly in solid-body rotation with the disks and hub,
that is, V � 0, with cross-stream motion much weaker than
the one in the outer region. Let Rsep5RsepðRe; SÞ be the
radial location where the separation between the Ekman
layer region and the inner core is observed at the disk sur-
face. In the case with S 5 0.125, which is the most unfavora-
ble in terms of effective catalyst surface, we have
Rsep 5 0.73 in Figure 4a, and therefore, the Ekman layer
region (R > Rsep) extends over about 2/3 of the total disk
surface. The Rsep location decreases with increasing S down
to the point that at S 5 1, there is no inner core.

According to theory, the thickness of the Ekman layer,
dE /

ffiffiffiffiffiffiffiffi
m=X

p
, and thus

dE=H / Re21=2S21 (29)

For each of the present calculations, a radially averaged
value of the Ekman layer thickness, d̂E, was estimated as
follows. We first averaged the radial component of velocity,
U(R, Z), within the radial region with Rsep � R � 1 to obtain
the axial profiles ÛðZÞ. Figure 5 shows the ÛðZÞ profiles for

two different aspect ratios, S 5 0.125 and 0.50. In almost all
of the cases, Û raises quickly from the zero value at the disk
surface up to a maximum value and then it drops down to a
negative minimum value at the Z 5 0 midplane (where the
strongest inward cross-stream flow is observed in Figure 4).
A straightforward estimate of d̂E=H is, therefore, obtained
by measuring the axial distance between the location of the
maximum and the nearest disk surface. The anomalous pro-
file at Re 5 1000 in Figure 5a is due to the fact that at such
low Re value the Ekman layer is not well developed yet. A
least squares fit of the estimated d̂E=H values yielded

d̂E

H
51:12 S21:020Re20:517 (30)

thus, in qualitative agreement with the scaling suggested by
theory. The anomalous data point at Re 5 1000 and
S 5 0.125 was not included in the fit.

Influence of the height to radius aspect ratio

In this section, the performance of the reactor is assessed
as a function of the height to radius aspect ratio, S. In prac-
tice, one would have a setup with a fixed R2 value and the
question would be what value of the height H should be

Figure 4. Flow streamlines calculated for Re523104

and both S 5 0.125 (a) and S 5 0.25 (b).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Axial profiles of the radially averaged radial
component of velocity, ÛðZÞ, for four differ-
ent values of the Reynolds number in the
range 103 £ Re £ 23104 and both S 5 0.125 (a)
and S50: (b).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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chosen. Note that for a single disk pair a given reactor vol-
ume would be achieved by modifying H alone but if a larger
number of disks are allowed there is also the option to add
more disks to the stack. The second option would require a
larger investment but it is obviously preferable in terms of
mass-transfer efficiency because a higher ratio of surface cat-
alyst to reactor volume, ag52=H, would be maintained.

Four different values of the height to radius aspect ratio,
namely S 5 0.125, 0.25, 0.5, and 1.0, and four values of the
Reynolds number, Re310351; 5; 10, and 20 were consid-
ered. Once the velocity fields were obtained for each of the
16 (Re, S) pairs, four values of Sc and four values of / were

considered in each case, thus, giving a total of 256 calcula-
tions. Since the Damk€ohler number, /5kH=D, is defined on
the basis of H, the value of / must be changed along with
the value of S to assess the effect of an increase in H alone.
That is, if at S 5 0.125, we set a given /5/0 value then at
the corresponding calculation at S 5 0.25, we set /52/0,
and so on.

Figure 6 shows the evolution in time of the reactor effi-
ciency, g, for all of the four values of S investigated when
the rest of parameters are fixed to Re5104, Sc 5 1, and
/051. As expected, the time s90 needed to achieve the target
reactant conversion clearly increases with increasing S. It is
remarkable that after a relatively short transient gðsÞ reaches
a plateau-like, constant value. Such a behavior in the time
evolution of g was also previously observed for the natural
convection-driven cubical reactor in Ref. 5. In all of the
present calculations, gðsÞ achieves a maximum value during
the transient and then experiences a considerable drop until
it reaches the final asymptotic value. Such an asymptotic
value of the reactor efficiency will be hereinafter denoted by
g1 and s1 will denote the smallest dimensionless time ful-
filling gðs � s1Þ5g1.

The asymptotic time evolution of the reactor efficiency is
due to the fact that the quantity

Rðs;R; ZÞ5 Cðs;R; ZÞ
�CðsÞ

(31)

becomes independent of time for s � s1, that is, we can
define R1ðR; ZÞ5Rðs;R;ZÞ : s � s1. Figures 7 and 8, respec-
tively, show the contours of R1ðR; ZÞ obtained for S 5 0.125
and S 5 0.25 at Re523104, three different values of the
Schmidt number, namely Sc 5 1, 10, and 1000, and two values
of /0. When the reaction is comparatively fast, /05100 in
plots (b), (d), and (f) of both figures, R1ðR;61=2Þ ! 0 which

Figure 6. Evolution in time of the reactor efficiency,
gðsÞ, for Re513104, Sc 5 1, /051, and all of
the four values of S investigated.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Contours of the normalized concentration, R‘, for S 5 0.125 and Re523104.

The values of the Damk€ohler number are /51 in plots (a), (c), and (e) and /5100 in plots (b), (d), and (f). The values of the

Schmidt number are Sc 5 1 in plots (a) and (b), Sc 5 10 in plots (c) and (d) and Sc 5 1000 in plots (e) and (f). [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]
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means, on account of 17, that the reactor efficiency will be
small. The maximum R1 values are much higher in all of the
cases with /05100 than in the corresponding cases with
/051. At Sc 5 1, plots (a) and (b) in Figures 7 and 8, the
largest R1 levels are observed within the inner core, R < Rsep.
Thus, for the case with faster molecular diffusion (Sc 5 1), the
maximum resistance to mass transfer is a consequence of the
weakness of the convective transport within the inner core. On
the contrary, in the concentration contours for Sc 5 1000, plots
(e) and (f), the maximum R1 values are found in the center of
the cross-stream vortices. That is, when resistance to mass
transfer is mostly due to molecular diffusion some reactant
remains trapped within the vortices and it cannot easily reach
the Ekman layers.

As will be seen in the next subsection, according to
theory, the Sherwood number, Sh1, should be independent
of S. Then, since in this section, we are considering constant
values of the /=S ratio it follows from (20) that for a given
/0 value g1 should be also independent of S. Present results
with Sc 5 1 are in fairly good agreement with the expected
theoretical behavior, as illustrated in Figure 6, for the case
with Re5104, Sc 5 1, and /051, in which the maximum
variation of g1 with S is within 6%. However, as it is shown
in Figure 9, departures from theory become increasingly sig-
nificant with increasing values of /0 and, especially, of Sc.

This figure shows time evolutions of gðsÞ for all the four
values of S when the rest of parameters take the value
Re523104, Sc 5 1000, and /05100. Note that as a

Figure 8. Contours of the normalized concentration, R‘, for S 5 0.25 and Re523104.

The values of the Damk€ohler number are /52 in plots (a), (c), and (e) and /5200 in plots (b), (d), and (f). The values of the

Schmidt number are Sc 5 1 in plots (a) and (b), Sc 5 10 in plots (c) and (d) and Sc 5 1000 in plots (e) and (f). [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Evolution in time of the reactor efficiency,
gðsÞ, for Re523104, Sc 5 1000, /05100, and
all of the four values of S investigated.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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consequence of the high value of /0 used in these calcula-
tions, the initial transients are not negligible, that is,
s1=s90 � 0. Moreover, Figure 9 shows that, whereas the g1
values for S50:125; 0:5, and 1 are around 0.18, the corre-
sponding value for S 5 0.25 is anomalously smaller by about
a 30%.

Figure 10 shows the radial profiles of R1ðR;61=2Þ for
the case with Re523104, Sc 5 1000, and /05100 (i.e., the
same conditions as in Figure 9) and all of the four values of
S. In all of the profiles, the maximum R1 value is attained
near the enclosure wall, R � 1:02, roughly at the location
where the cross-stream vortices detach from the disk surface.
In the case with S 5 0.25, the maximum value,
Rð1:02;61=2Þ50:18, is considerably lower and this deficit
is maintained in the whole region with R � Rsep. The lower
g1 value for S 5 0.25 in Figure 9 is to be, therefore, attrib-
uted to the lower ability of the cross-stream flow to transport
reactant from the bulk region into the vicinity of the disk
surface at this particular aspect ratio. We can also see in this
Figure 10 that on the average the RðR;61=2Þ levels are
smaller but not negligible in the inner core, R � Rsep. Thus,
inspection of Figures 9 and 10 together suggest the relative
size of the inner core has only a slight effect on g1.

Analysis of mass-transfer efficiency

Our main purpose here is to correlate the mass-transfer effi-
ciency as a function of the problem parameters, Re, Sc, /, and
S. In addition, we aim to understand better to what extent the
overall mass-transfer rates are boundary layer controlled or, as
was shown in the previous subsection, other sources of resist-
ance to mass transfer may also play a relevant role. At a quali-
tative level, it is observed that all of the calculated g1 values
increase with increasing Re and Sc and decrease with increas-
ing /. To better capture the Reynolds number dependence,
additional calculations were performed for S 5 0.25 and Reyn-
olds numbers between Re543104 and 105 every 104 units.

If the transport of reactant into the disk surface is to be
controlled by the rate of molecular diffusion within the disk
boundary layer then one would expect a dependence for the
Sherwood number of the form Sh / Re1=2Sc1=3.32 Note that

this scaling for Sh is consistent with the theoretical depend-
ence for the concentration boundary layer thickness, dC, on
the Schmidt number, that is, ðdC=dEÞ / Sc21=3, because dE=
R2 / Re21=2 (Eq. 29). Or in other words, the Sherwood
number would theoretically scale with dC according to
Sh / R2=dC. In our previous work on the natural convection-
driven reactor in a cubical cavity,5 a value of dC=H was esti-
mated for each particular calculation and then a very good
correlation for dC=H as a function of the Rayleigh and
Schmidt numbers was obtained. Thus, in the problem investi-
gated in Ref. 5, the overall mass-transfer rate was indeed
boundary layer-controlled.

In this problem, however, it was not possible to obtain a
reasonably accurate fit for dC=R2. Furthermore, a direct fit
for the Sherwood number yieldedfShðs1Þ5fSh151:98S20:0792Re0:373Sc0:137/20:0347 (32)

Figure 11a shows that this fit did neither produce an accu-
rate correlation, with a relative root mean square error as

Figure 10. Radial profiles of the normalized concentra-
tion at the disk surface, R‘ðR;61=2Þ, for
Re523104, Sc 5 1000, /05100, and all of the
four values of S investigated.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Variation with Re of the predicted values of
the Sherwood number, Sh‘, for all of the
current calculations.

In (a), Sh‘ is divided by S20:0792Sc0:137/20:0347; the

two solid lines denote the boundaries of the 95% confi-

dence interval for the fit. In (b), Sh‘ is divided by S
c1=3 instead and the theoretical boundary-layer predic-

tion, Eq. 33, is plotted with a solid line. In both plots,

circles, squares, triangles, and diamonds, respectively,

denote the results obtained with Sc 5 1, 10, 100, and

1000. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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large as 0.183. The fit 32 shows, as expected, a very small
dependence of mass-transfer efficiency on the Damk€ohler
number /. In addition, since the characteristic length R2 was
used to define Sh, the influence of S on Sh is also small. The
comparison of present results with the theoretical
dependence32

Sh50:62Re1=2Sc1=3 (33)

shown in Figure 11b, reveals that mass-transfer efficiency in
the present problem is lower than it would be for the laminar
boundary layer flow over a freely rotating disk. Note that the
exponent of Sc in the fit 32 is anomalously below the theo-
retical 1/3 value so that the lower efficiency of the current
setup gets increasingly evident in Figure 11b as the Schmidt
number increases.

Our hypothesis is that in the current problem, the overall
mass-transfer process is not, in general, boundary layer-
controlled. To obtain further support for such a hypothesis,
we examined the distribution of the radially averaged nor-
malized concentration

KðZÞ5 Ĉðs1;ZÞ2Ĉðs1;21=2Þ
�Cðs1Þ2Ĉðs1;21=2Þ

5
R̂1ðZÞ2g1

12g1
: (34)

Figure 12 shows the axial profiles of K for the cases with
S 5 0.25, Re563104, and /52000, and all of the four val-
ues investigated of the Schmidt number, Sc 5 1, 10, 100, and
1000. In all of the cases, the KðZÞ profile has a local maxi-
mum of about K50:620:7 not far from the disk surface
(jZj > 0:4). Note that if Fick’s law is applied to the radially
averaged concentration field, the presence of such a local
maxima of K suggests that, on the average, molecular diffu-
sion along the Z-direction is not transporting reactant from
the bulk region into the disk boundary layers. In all of the
four profiles of Figure 12, the global maxima are located in
the bulk region, around jZj50:17. The maximum K value
increases with increasing Sc. Since the corresponding values
of K at the local minima at Z 5 0 decrease with increasing

Sc instead it follows that the global concentration drop DK
raises with Sc, from DK50:6 units at Sc 5 1 up to DK51:7
units at Sc 5 1000.

In summary, we see that as molecular diffusion becomes
slower (larger Sc) an increasingly higher amount of solute
accumulates in the bulk region, an indication that the overall
resistance to mass transfer has increased. Since direct trans-
port by molecular diffusion into the disk boundary layer
does not seem to work reactant is instead diffused into the
midplane region (Z � 0), where fluid is returned radially
inward (Figure 4), before it is eventually convected into the
Ekman layer region.

Prediction of the target operation time

In this subsection, we will show how the predicted values
of the reactor efficiency, g1, can be used to estimate the
time needed to achieve a target reactant conversion. Follow-
ing the methodology first implemented in Ref. 5, first, we
integrate the differential molar balance equations 14–16 over
the whole reactor volume

d �CðsÞ
ds

52
2/
S2

Ĉðs;61=2Þ (35)

Then, we introduce the gðsÞ definition 17 in the above
equation to obtain

d �CðsÞ
ds

52
2/gðsÞ

S2
�CðsÞ (36)

The ODE 36 can be integrated using (s1; �Cðs1Þ) as initial
condition and assuming gðsÞ5g1

�CðsÞ
�Cðs1Þ

5exp
22/g1

S2
s2s1ð Þ

� �
(37)

Assuming that the transient is short, that is, s1 ! 0 and
�Cðs1Þ � �Cð0Þ, Eq. 37 can be simplified into

2
�CðsÞ
�Cð0Þ

� 2exp
22/g1s

S2

� �
(38)

Thus, the evolution in time of the reactor conversion,
vðsÞ, can be approximated by

vðsÞ5
�Cð0Þ2 �CðsÞ

�Cð0Þ � 12exp
22/g1s

S2

� �
(39)

If we set, for example, a target reactant conversion
vðs90Þ50:90, the final operation time can be, therefore, esti-
mated as

es9052ln ð0:10Þ S2

2/g1

� �
(40)

or on account of Eqs. 19 and 21

es9052ln ð0:10Þ S

2Sh1ð12g1Þ

� �
52ln ð0:10Þ S

2ShOV1

� �
(41)

Figure 13 shows a comparison between the es90 estimates
and the s90 values obtained in the calculations. In Figure
13a, the calculated values of g1 were introduced in Eq. 40
to obtain es90, whereas the values plotted in Figure 13b were
obtained from approximate reactor efficiencies given by Eq.
20 with the fSh1 values that were calculated using the fit 32.
We can see in Figure 13a that Eq. 40 produces a good

Figure 12. Axial profiles of the radially averaged nor-
malized concentration, KðZÞ defined by Eq.
34, for Re563104;/52000, S 5 0.25, and all
of the four values of the Schmidt number
investigated.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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estimate of s90. The largest departures observed in this figure
correspond to the smallest reaction times (small S and/or
large / values), that is, when s1=s90 � 0 and the approxi-
mation 38 differs from the exact solution 37. Note that in
such cases the predictions given by 40 are conservative, that
is, the es90 values overestimate the calculated s90 because
reactor efficiencies are higher than g1 during the initial tran-
sient. It is interesting that even the less accurate es90 esti-
mates based in the fit 32 show a reasonable agreement with
the calculated s90 in Figure 13b. In this respect, it is worth
noting that the use of Eq. 40 together with Eq. 20 somehow
masks part of the error in the fSh1 fit 32 as the relative root
mean square error in terms of g1 and s90 reduces to 0.134.
Thus, it would not be necessary to perform a costly calcula-
tion to obtain a fast and fairly accurate prediction of the final
operation time for the present discontinuous reactor.

Moreover, it seems also convenient to assess to what
extent the current s90 predictions are independent of the ini-
tial condition. As it was explained above, a nearly uniform

distribution of reactant through the whole reactor volume is
assumed as the initial condition for the O.D.E. system (26).
Figure 14 compares, for the case with S 5 0.25, Re523104,
Sc 5 1, and /52, the evolution in time of the reactant con-
version obtained using this regular initial condition with the
evolution obtained in a second calculation where the initial
concentration distribution was arbitrarily set to Cð0;R;ZÞ5
C0exp 2ðZ=0:1Þ2

h i
(here the value of C0 is set so that

�Cð0Þ51). The two time evolutions are very similar, and we
can see that the s90 value obtained with the initial Gaussian
axial profile is just about 0:2% higher than the s90 obtained in
the regular calculation. Since the number of disk revolutions
per unit dimensionless time, s, is equal to ReSc=2p, it takes
about 129 disk revolutions to achieve the target 90% conver-
sion for the conditions of Figure 14. As can be seen in the
leftmost inset of Figure 14, the difference between the two
calculations is established at very early integration times. The
initial concentration distribution with a Gaussian axial profile
implies the initial absence of reactant in the vicinity of the
disks and it, therefore, produces a time evolution that is quite
distinct from the regular one for a few disk spins. Another
interesting side result, not apparent in Figure 14, is that both
time integrations lead to respective distributions of the asymp-
totic normalized concentration, R1, that are identical within
machine accuracy (and therefore the same applies to the
respective values of g1). Some more thought will be given to
this remarkable fact in the concluding remarks.

Mixing enhancement prospects

We have seen above that the mass-transfer efficiency in
the current discontinuous reactor is hindered by low mixing
levels as some reactant remains trapped in the region within
the cross-stream vortices. In the rotor-stator reactor investi-
gated by Meeuwse et al.,11 these authors measured, for
Re5105, a value of Sh roughly in agreement with Eq. 33.
Naturally, we wonder why our current setup should be less

Figure 14. Evolution in time of the reactant conversion,
XA, for the case with S 5 0.25, Re523104,
Sc 5 1, and /52.

The solid line corresponds to a calculation with the

regular initial concentration distribution, whereas the

dashed line shows the results of a second calculation

initialized with a Gaussian distribution in Z, namely

Cð0;R;ZÞ5C0exp 2ðZ=0:1Þ2
h i

; here the value of the

constant C0 is set so that the initial value of the volume

averaged concentration is exactly one. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 13. The values of s90 predicted by Eq. 40, es90,
are plotted against the corresponding s90

values obtained in all of the calculations.

In plot (a), the calculated g‘ values were introduced

into Eq. 40, whereas in plot (b), the estimated g values

obtained from the fit 32 were used instead. [Color fig-

ure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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efficient than Meeuwse et al.’s. One plausible explanation is
that Meeuwse et al.’s reactor operated in continuous mode
with a stream of fresh reactant being fed through the radial
gap between the edge of the rotating disk and the outer
enclosure wall. Our purpose here is to explore a modified
model of the current setup that, albeit not completely realis-
tic, incorporates a continuous addition of reactant close to
the external cylindrical wall. In particular, in the modified
model the boundary condition for Eq. 14 at the outer enclo-
sure wall is replaced by

@C

@R
5JRðZÞ52b exp Z2=r2

� �
(42)

with r250:1. The Gaussian shape of the radial diffusion
flux, JRðZÞ, in 42 was chosen because of it smoothness, that
is, it avoids the incompatibility with Eq. 15 which, as dis-
cussed above, would be inherent to the choice of a flat axial
profile for JR. The value of b in 42 was calculated in each
particular case by equating the total reactant consumption at
the disk surfaces to the rate of reactant input through the
enclosure wall and imposing the condition Ĉðs;61=2Þ51.

Calculations for the modified model were performed for the
aspect ratio value of S 5 0.25, two values of the Schmidt num-
ber, Sc 5 1 and 10, and all of the Re and / values that were
previously considered for the original model. The discrete
forms of Eqs. 14–16 with the modified boundary condition 42
were advanced in time starting from the initial condition
Cð0;R; ZÞ50. In all of the cases, a steady concentration field
was reached after a relatively short transient, s5sS. This steady
concentration field, CðsS;R;ZÞ5CSðR;ZÞ, coincided with the
one that was directly calculated by setting the time derivative
term in 14 equal to zero. Contours of the quantity
CSðR;ZÞgðsSÞ, whose volumetric average is equal to
�CðsSÞgðsSÞ5ĈSðsS;61=2Þ51, are shown in Figure 15. The
highest concentration levels in Figure 15 are observed, not sur-
prisingly, close to the external cylindrical wall. Since at s 5 0,
there is no reactant present within the inner core, the concentra-
tion levels in that region remain considerably lower than they

were in the corresponding plots of Figure 8. Moreover, for
Sc 5 10, we see in Figure 15c, d that the concentration levels
within the cross-stream vortices are only slightly above one.
The corresponding maximum concentration levels (relative to
the respective �Cðs1Þ values) in Figure 8c (/52) and, espe-
cially, in Figure 8d (/5200) were considerably higher. This
means that in the modified model less reactant remains trapped
in the bulk region. It is worth noting that we also tested a sec-
ond modified reactor configuration with reactant being continu-
ously fed through the inner hub (R5c) instead. But with such
an alternative feed, it was found that mixing was even poorer
than it was the original discontinuous reactor as a large amount
of reactant remained trapped in the inner core, R � Rsep.

Figure 16 shows the axial profiles of KS, calculated by
replacing R1ðZÞ in Eq. 34 by ĈSðZÞ= �CS5ĈðsS;ZÞ= �CðsSÞ,
for the same cases with Sc 5 1 and 10 shown in Figure 12.
Comparing Figures 12 and 16, we see now higher values of
KS (KS � 0:9) in the first local maxima near the disk surface,
whereas the values of the global maxima are now lower
(KS � 1:2), especially for Sc 5 10. Moreover, the KS drop
between the global maximum and the local minimum at
Z 5 0 has been reduced to DKS50:3 in Figure 16, which is
much lower than the corresponding KS drop between the first
local maximum and the disk surface. A larger concentration
gradient within the boundary layer implies a larger reactant
consumption at the catalyst surface, and therefore, an
increase in mass-transfer efficiency.

The values of the Sherwood number ShS, calculated using
Eq. 19 with gS5gðsSÞ, were fitted to

ShS51:67 Re0:416Sc0:360/0:0540 (43)

Compared to the fit 32 for the discontinuous reactor, we
see now a higher exponent in both the Reynolds number,
0.416 instead of 0.373 and the Schmidt number, 0.360
instead of 0.137. The fact that the Sc exponent in 43 is
closer to the theoretical expectation (1/3) supports the notion
that the overall mass-transfer process is more boundary
layer-controlled. Figure 17a confirms that the fit of ShS, with

Figure 15. Concentration contours obtained with the modified reactor model for S 5 0.25 and Re523104.

The values of the Schmidt number are Sc 5 1 in plots (a) and (b) and Sc 5 10 in (c) and (d). The values of the Damk€ohler number

are /52 in plots (a) and (c) and /5200 in (b) and (d). The quantity plotted in all four cases is the product CSðR;ZÞgS, whose

volumetric average is equal to one. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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an average relative error of 0.122, is better than it was for
the discontinuous reactor in Figure 11a. Moreover, we see in
Figure 17b that the ShS values are in the same order of mag-
nitude and, in most cases, surpass the theoretical values
given by 33. In particular, for the largest Reynolds number
investigated, Re5105, the ShS values for Sc 5 10 plotted in
Figure 17 are between 6 and 7 times higher than the corre-
sponding values in Figure11.

Concluding Remarks

We have investigated numerically the mass-transfer prob-
lem in a reactor comprising two coaxial, corotating disks in
a stationary cylindrical enclosure. The surfaces of the disks
are host to a layer of catalyst which promotes a first-order
reaction. We have solved the governing equations for the
flow field and the resulting concentration field of reactant at
a range of Reynolds numbers within 53103 � Re � 105 and
Schmidt numbers within 1 � Sc � 1000. We have found that
the mass-transfer rate does not follow the expected scaling
relation for the Sherwood number, specially at high Schmidt
numbers. We attribute this result to the fact that the overall
mass transfer in the current system is not controlled by the
boundary layer.

An interesting conclusion is that while the reactant con-
centration drops throughout time, that is, the mass-transfer
problem is unsteady, there is a steady relative spatial distri-
bution of reactant. In particular, in all of the present calcula-
tions for the discontinuous reactor model, we have found
that the normalized concentration field, Rðs;R;ZÞ5
Cðs;R;ZÞ= �CðsÞ, becomes stationary after a relatively short
transient. The same thing happened in our previous work5 on
a natural convection-driven discontinuous reactor in a cubi-
cal cavity. The existence of a stationary R1ðR;ZÞ field may
seem surprising at first sight, as the absolute concentration
levels in the reactor keep dropping all of the time, but it is
in fact a direct consequence of the conservation equations.
Under the current assumptions, the molar conservation equa-

tion for a chemical species may be written, using a more
general vector notation, as

@C

@s
52ReScðU 	 rÞC1r2C (44)

We can now introduce the R definition 31 into Eq. 44

�C
@R
@s

� �
1R

@ �C

@s

� �
52 �CReScðU 	 rÞR1 �Cr2R (45)

In the present problem, boundary conditions for Eq. 45
would be the equivalent to Eqs. 15 and 16 with R in place
of C

@R
@Z

56/R at Z57
1

2
(46)

@R
@R

50 at R5c; 1 (47)

A stationary solution, R1ðR;ZÞ, would, therefore, be gov-
erned by

Figure 16. Axial profiles of the radially averaged nor-
malized concentration, KS, obtained with
the modified reactor model for Re563104;/
52000 and both Sc 5 1 and 10.

The quantity KS is defined in a similar manner as is K
in Eq. 34 with the concentration CSðR;ZÞ replacing

the asymptotic concentration Cðs‘;R;ZÞ. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 17. Variation with Re of the predicted values of
the Sherwood number, ShS, for all of the
calculations of the modified reactor model.

In (a), ShS is divided by Sc0:360/0:0540; the two solid

lines denote the boundaries of the 95% confidence inter-

val for the fit. In (b), ShS is divided by Sc1=3 instead

and the theoretical boundary-layer prediction, Eq. 33, is

plotted with a solid line. In both plots, circles and

squares, respectively, denote the results obtained with

Sc 5 1 and 10. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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2ReScðU 	 rÞR11r2R15R1
1
�C

@ �C

@s

� �
s5s1

5R1C1ðR1Þ

(48)

where as shown by Eq. 36, C1522/g1=S2 for the present
problem. If the tau–Galerkin spatial discretization is applied
to Eqs. 46–48, it is not difficult to see that a set of quadratic
equations for the unknown coefficients, c, would be
obtained. Thus, solving such a system of nonlinear equations
would be an alternative method, instead of advancing in
time the ODE system 26, to obtain the stationary R1 (and
subsequently g15R̂1ð61=2Þ on account of 17).

From a physical viewpoint, the nonlinear term in the right
hand side of Eq. 48 provides a continuous rate of generation
for R1, which by means of an overall molar balance such as
35 equates to the overall rate of reaction at the catalytic sur-
face. Note that from definition 31, the value of the volume-
averaged R1 is equal to one. Thus, Rðs;R; ZÞ provides the
spatial distribution of Cðs;R;ZÞ, whereas the time evolution
of �CðsÞ tells us how fast the mean concentration levels
are dropping. In the present problem, after an initial transient
Rðs;R;ZÞ becomes always stationary, and therefore, R1ðR;ZÞ
provides an snapshot of the spatial distribution of reactant.

Note that Eq. 48 is applicable not only to any discontinu-
ous reactor geometry but also is also independent of the par-
ticular type of kinetic law assumed. If a nonlinear reaction at
the disk surfaces was considered then C1 would be a highly
nonlinear function of the unknown coefficients (and there
might be molar balances for several chemical species, not
just one). The resulting system of nonlinear equations might
or might not have one or multiple solutions for R1. When
such stationary solutions existed, it would be challenging to
investigate their stability properties and bifurcation diagrams
as a function of the problem parameters and/or kinetic
constants.
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APPENDIX

The aim of this appendix is to give some details of the tau–

Galerkin method used to discretize the governing equations. We

start with the mass-transfer conservation Eqs. 14–16. Note that

these equations can be written in a compact form as
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2r2C1ReScr 	 ðCVÞ50 (49)

@C

@Z
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V5 U;Wð Þ

Let us first recall that, as it was discussed above only solu-

tions with velocity fields symmetric with respect the plane Z 5 0

were obtained in this work. As a consequence, only even func-

tions in Z are considered when the concentration is expanded in

terms of the basis function. Thus, the concentration expansion is

written as

Cðs;R;ZÞ5
XNR

i50

XNZ=2

j50

ci2jðsÞTiðR�ÞT2jðZ�Þ (53)

where R�52½ðR2cÞ=ð11f2cÞ21=2�; Z�52Z and Ti are the Che-

byshev polynomials. In addition, by substituting Eq. 22 in Eqs.

7 and 8 and replacing the basis functions fi by the corresponding

linear combination of Chebyshev polynomials, the velocity vec-

tor V takes the form

Vðs;R;ZÞ5
Uðs;R;ZÞ

Wðs;R; ZÞ

 !
5
XNR;W

i50

XNZ;W

j50

uijðsÞ
TiðR�ÞT

0
jðZ�Þ

T
0
iðR�ÞTjðZ�Þ

 !
(54)

The tau–Galerkin method consists in projecting Eq. 49 into

the subspace generated by all the basis functions in the concen-

tration expansion except for TNR21ðR�Þ; TNR
ðR�Þ;TNZ22ðZ�Þ and

TNZ
ðZ�Þ. The basis functions that are not used to project Eq. 49,

are used to project boundary conditions 50–52. Therefore, appli-

cation of the tau–Galerkin method converts Eqs. 49–52 into the

following equations

@C

@Z
;TiT2j

� �
2hr2C;TiT2ji1ReSchr 	 CVð Þ;TiT2ji50

with i50; . . . ;NR22 and j50; . . . ;NZ=222

(55)
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1h/CðR; 1=2Þ;TiT2jð1Þi50

with i50; . . . ;NR22 and j5NZ=2

(56)
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2h/CðR;21=2Þ; TiT2jð21Þi50

with i50; . . . ;NR22 and j5NZ=221

(57)
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ðc; ZÞ;Tið21ÞT2j
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50

with i5NR and j50; . . . ;NZ=2

(58)
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@R
ð11f;ZÞ;Tið1ÞT2j

� �
50

with i5NR21 and j50; . . . ;NZ=2

(59)

where hi represents the inner product. Note that due to the sym-

metries of the problem Eq. 56 is equivalent to Eq. 57.

Integrals involved in the calculation of the inner products in

Eqs. 55–59 are of the typeð1

21

R�TiTjxðR�ÞdR�;
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(60)

where x is the Chebyshev weight function, xðxÞ5ð12x2Þ21=2
.

Once the inner products in Eqs. 55–59 are calculated, these

equations can be written in the matricial form as

ðB BbÞ
_c

_cb

0@ 1A5 ðL LbÞ
c

cb

0B@
1CA (61)

ðD DbÞ
c

cb

0@ 1A5Jb (62)

Let us define DS5ðNR21ÞðNZ=221Þ and DB5NZ12NR.

Then, B and L are square matrices of dimension DS, Bb and Lb

are matrices of dimension ðDS3DBÞ, D is a matrix of dimen-

sion ðDB3DSÞ, and Db is a square matrix of dimension DB.

The flux entering the reactor through the boundaries in the

modified model is represented by the vector Jb whose dimension

is (DB). Whereas the coefficients ci2j in the concentration expan-

sion 25 with i50; . . . ;NR22 and j50; . . . ;NZ=222 are con-

tained in the vector c of dimension DS, the vector cb, whose

dimension is DB, contains those coefficients with either i50; . . .
;NR22 and j5NZ=221;NZ=2 or i5NR21;NR, and

j50; . . . ;NZ=2.

Isolating cb from Eq. 62 and inserting the result into Eq. 61

leads to the ODE

B̂ _c5L̂c1Â (63)

where

B̂5B2BbDb
21D (64)

L̂5L2LbDb
21D (65)

Â5LbDb
21Jb (66)

Equation 63 is advanced in time by means of a second-order

implicit backward-differencing scheme (BDF2). Note that once

the value of cðsÞ is obtained, cbðsÞ can easily be obtained from

Eq. 62.

The steady-state version of the momentum conservation Eqs.

1–4 is also discretized by means of a tau–Galerkin method. The

discretization procedure reduces these equations to a nonlinear

system of algebraic equations that, adopting the summation con-

vention indices, can be written as
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Ljidi1Qjindidn50 (67)

In Eq. 67, the elements of the vector d5ðd1; . . . ; dKÞ are the

unknowns, that is, the coefficients in expansions 22 and 23.

The matrices with components Lji and Qjin contain, respectively,

the coefficients of the linear and nonlinear terms resulting from the

projection of the velocity governing equations into the space gener-

ated by the basis functions. It should be noted that the projection of

the pressure gradient onto the basis is analytically zero which

means that the pressure gradient is not present in the discretized

equations. This is so because of two reasons: the formulation of the

velocity in terms of a scalar potential function (see Eqs. 7 and 8)

and the choice of basis functions in the expansion of the potential

function in 22 that makes boundary conditions 5 and 6 for U and W
be automatically fulfilled. The nonlinear discretized Eqs. 67 were

solved by means of an iterative Newton method.
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